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FIRMGrasp: A Friction-Informed Risk Margin for Robust Grasp Synthesis

Clinton Enwerem!, John S. Baras!, and Calin Belta®

Abstract— Classical grasp quality metrics assume a single
deterministic friction coefficient, so they cannot predict whether
a grasp retains force closure across the range of friction values
the contacting surfaces may exhibit. To predict these failures,
we present FIRMGrasp, a family of friction-volatility-aware
grasp quality metrics grounded in the Conditional Value-at-
Risk (CVaR) risk measure. Unlike standard grasp quality
assessors that assume a single friction realization, our metric
evaluates the force-closure margin at the CVaR-discounted
mean of the adverse friction tail, yielding a risk-adjusted margin
¢?), the inscribed-ball radius of the risk-adjusted wrench space.
We establish its monotonicity in the confidence level 3, its
differentiability in the grasp parameters, and a probabilistic
closure certificate that guarantees force closure with probability
at least S whenever e s positive. Under a calibrated friction
distribution, analytic evaluation shows our ¢®) metric identifies
friction-sensitive grasps that the nominal Ferrari-Canny epsilon
rates as high-quality, and we compare against the nominal
epsilon and recent differentiable baselines. Across 1,599 LEAP
Hand and Allegro Hand grasps, 53% of the grasps the nominal
Ferrari-Canny margin certifies lose force closure in the adverse
friction tail. On the same set, the nominal margin separates
realized shake and pick success with probabilities of only 0.53
and 0.67, near chance on shake success, whereas *) orders the
pair correctly with probabilities of 0.63 and 0.78, respectively. In
simulated lift trials with gravity enabled at an adverse friction
coefficient of 0.2, grasps e®) certifies reach a 70% success rate
under lateral %)ull, against 25% for grasps the nominal margin
certifies but ¢®) rejects.

I. INTRODUCTION

Grasping a rigid object with a rigid-link robotic hand
entails choosing contacts, a wrist frame, and hand config-
urations that stabilize the object against arbitrary exogenous
wrenches including gravity, and one may further require that
the grasp be dexterous, in equilibrium, or stable. Since many
grasps meet these desiderata, quality measures rank them
so that synthesis reduces to an optimization problem. The
most widely used such measure is the Ferrari-Canny, or
epsilon, metric, the radius of the largest ball inscribed in
the grasp wrench space [1], alongside a range of alternatives
that instead evaluate the grasp matrix, finger force limits, or
hand-object geometry [2], [3], [4], [5], [6], [7].

However, these metrics score a grasp at the single instant
of synthesis, under a friction coefficient, object pose, and
contact configuration all assumed fixed and known, so none
of them bounds what happens once execution departs from
that instant. A grasp that is force-closed and positive-epsilon
at synthesis can destabilize within seconds under lateral
exogenous forces and an execution-time friction coefficient
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Fig. 1. Predicting Lift Success under Adverse Friction. Two Allegro

Hand grasps of the same object that the nominal Ferrari-Canny margin
certifies almost identically (enom = 40.008 and +0.013) part ways once
friction uncertainty is introduced. Our risk-adjusted grasp quality margin
e(B) (Definition 7) rejects the first (6(5) < 0) and certifies the second
(6P > 0) under the adverse friction prior 0.524(0.7,1.0)4-0.51(0.1,0.3)
at confidence 5 = 0.9. A gravity-on lift at Coulomb friction ;=0.3 realizes
exactly this split, with the friction-sensitive grasp (a, b) losing the object,
while the certified-robust grasp (c, d) lifts it and retains it under lateral pull.

distinct from the one assumed at synthesis [8]. Figure 1
previews this failure on a toy grasp-and-lift example, two
Allegro Hand grasps that the nominal epsilon margin certifies
as force-closed at synthesis time. Only the grasp our risk-
sensitive certificate also certifies retains the object upon lift
under adverse friction, while the other slips. The pattern
is not specific to friction. The same epsilon metric is a
poor predictor of robustness to pose error, with its force-
closure verdict flipping under pose perturbations the metric
does not model [9]. We therefore treat grasp quality as
the probability that a grasp keeps force closure across the
distribution of friction coefficients the physical contact could
plausibly realize.

Given this probabilistic setting, and motivated by the
demonstrated effectiveness of risk-sensitive formulations
built on the Conditional Value-at-Risk (CVaR) and related
coherent risk measures for safe decision-making under dis-
tributional uncertainty in motion planning [10], reinforce-
ment learning [11], and belief-space control under latent
uncertainty [12], we ground grasp quality in the same CVaR
construction by formulating it as a risk-sensitive functional
over the friction distribution. Thus, our metric enables a
direct quantification of robustness, capturing failure modes
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that arise only after interaction with the environment, a
capability standard quality metrics do not provide.

In practice, evaluating force closure through CVaR at con-
fidence level S gives a margin, tunable by [, that quantifies
the likelihood a grasp keeps force closure under the adverse
tail of the friction prior instead of at a single nominal coef-
ficient. This margin reduces to the classical epsilon margin
under a degenerate, point-mass prior, so it generalizes the
classical desiderata instead of replacing them. A grasp with
a positive margin under the friction tail also has a positive
margin at the nominal coefficient, a monotonicity property
we prove in Theorem 2. The resulting metric complements
recent grasp-synthesis methods [6], [13], [14], since any of
them can supply candidate grasps for our metric to score and
rank by friction sensitivity, a ranking our simulated execution
studies show predicts lift success and post-execution stability
(Table II, Sec. IX-G, and fig. 11).

Contributions:

1) New Risk-Sensitive Quality Metrics. We define two
new grasp quality margins, the CVaR margin Qg
(Equation (12)) and its closed-form analytic counter-
part (%) (Definition 7). Each margin scores a grasp by
its friction-tail behavior rather than by a single nominal
friction coefficient, and £(®) reduces to the classical
Ferrari-Canny margin under a point-mass friction prior,
so both generalize the nominal metric rather than
restating it. We prove their monotonicity, differentia-
bility, and probabilistic-closure properties (Theorems 2
to 1, Proposition 2).

2) Probabilistic Closure Certificate. We provide a formal
guarantee that a positive risk-sensitive margin implies
force closure with probability at least 3, for Qg
through the CVaR tail bound (Theorem 1) and for B
through friction monotonicity (Corollary 2).

3) Risk-Aware Grasp Synthesis and Evaluation. We im-
plement a sample-based grasp synthesis pipeline that
uses the CVaR metric to select robust grasps from a
candidate pool, and we demonstrate on seven objects
that the CVaR metric surfaces a friction sensitivity that
the classical epsilon metric and the min-weight metric
of FRoGGeR [6] do not model, since neither treats
friction as uncertain.

II. RELATED WORK
A. Classical Analytical Grasp Metrics

Analytical grasp quality assessment dates to Ferrari and
Canny’s epsilon metric [1], alongside the Grasp Wrench
Space volume [2], the grasp isotropy index [3], [4], and the
largest minimum resisted wrench [5], each quantifying a dif-
ferent algebraic property of the same grasp map. Uncertainty-
aware treatments of these metrics have, until recently, stayed
largely empirical, scoring robustness with Monte Carlo statis-
tics over the nominal metric [9]. Such statistics predict grasp
success reasonably well, but the sampling is expensive, and
both the friction coefficient and the pose distribution stay
fixed at their nominal values throughout.

By contrast, a more recent line of work departs from
the epsilon metric analytically. The min-weight metric of
FRoGGeR [6] reports the minimum among a set of scaled
friction generators at the linearized friction cones. Min-
weight is almost-everywhere differentiable, and its linear-
program formulation, differentiability included, drives grasp
synthesis in under a second, fast enough for dynamic ma-
nipulation [15], [14]. It shares with the epsilon metric it
approximates, however, a fixed Coulomb friction coefficient,
so a grasp it scores highly is precision-optimal only under
that nominal coefficient. Our metric extends the same line of
work to a friction coefficient treated as uncertain rather than
fixed.

B. Uncertainty Representations for Dexterous Grasping

Other recent work characterizes grasp uncertainty at a
different moment in a grasp’s lifetime. PONG bounds the
probability of force closure analytically under uncertain
contact normals [16], Gaussian Process Implicit Surfaces
represent the object surface itself as a distribution rather than
a fixed mesh [17], [18], and a learned variational belief over
contact parameters certifies an already-synthesized grasp
under multimodal uncertainty [8]. Each of these certifies
that an already-synthesized grasp withstands execution-time
or post-execution perturbation under an assumed uncertainty
model, applying robustness only after the grasp is fixed.
The uncertainty we target instead acts before and during
synthesis. We retain Coulomb’s friction condition but allow
the friction coefficient to be variable. As a consequence, at
each grasp contact point, we consider the true friction cone to
be unknown and instead allow the contact force to lie within
a set of friction cones, the size of which is determined by the
underlying uncertainty in the friction coefficient. Our metric
stands as a complement to existing force-closure margins,
in particular FRoGGeR’s min-weight ¢* and the robustness
measures of Li et al. [7], and each member of the resulting
metric family answers a different robustness question about
a grasp.

C. Robust Grasp Synthesis

A separate line of work targets wrench capability directly.
[7] prove that a force-closed grasp synthesized under a nom-
inal basis-wrench hull withstands any disturbance smaller
than the residual between that hull and the hull the perturbed
basis wrenches sweep out. Grasp stability tracks wrench
resistance closely enough that this residual, which we term
the wrench capability residual, is a useful quantity in its
own right. The residual measures the distance a friction
perturbation can move the primitive wrenches before closure
fails.

In addition to analytic synthesis, a substantial body of
learning-based work targets dexterous grasp generation di-
rectly. Differentiable formulations of force closure treat
contact selection as a smooth optimization objective, prop-
agating gradients through a grasp planner [19] or through a
differentiable simulator that scores candidate grasps by how
well they withstand contact-rich perturbation [20], [21], a



Fig. 2. Grasping Frames. Contact, object, and hand coordinate frames
used in our uncertainty-aware grasp planning framework. These include the
hand base frame, { Fz7 }, the object frame, { Fo }, and the i*" contact frame,
{FC:} attached to contact point 4 at p(¥) € R®. Admissible contact forces
at a contact point are expressed in {FCi}, their corresponding positions
are expressed in {Fo }, and we assume knowledge of the contact-to-object
frame force rotation matrix (Roc) and the object-to-hand homogeneous
transformation (7o ).

differentiable force-closure estimator built on the classical
epsilon metric extends the same treatment to arbitrary hand
structures [22], and a bilevel formulation pairs a conditional
generative model with a differentiable force-closure con-
straint [23]. A separate line of work learns generative models
that sample grasp poses conditioned on object geometry or
point clouds, spanning variational [24], adversarial [25], [26],
[27], real-time regression [28], and diffusion-based [29],
[30], [31] formulations, alongside SE(3)-equivariant dex-
terous grasp flows [32]. Earlier discriminative approaches
instead score or synthesize grasps directly from depth images
or contact maps [33], [34], [35], while hand-agnostic frame-
works learn grasping policies that transfer across gripper
morphologies [36], [37], [38]. These generators are efficient
at producing candidate grasps but do not certify or rank ro-
bustness under friction uncertainty, so our metric is agnostic
to the generator, scoring grasps from any such source.

III. MATHEMATICAL PRELIMINARIES

We consider a multi-fingered hand with configuration
gn € R™ grasping a rigid object whose pose in the hand
frame {Fy} is X° € SE(3). The hand forward kinematics
FK(-) generates a contact set C := {(p?, {F}) | p®) :=
FK(gn, X°) € R? i = 1,...,n¢, Ne < Nmax}, Where
n. is the contact count and Ny, the fingertip count of
the hand. Each contact comprises a point p and a frame
{FC} = {t;z), t?(f), n()} of orthonormal tangent directions
and the unit surface normal n(?) € R3.

Concretely, our risk-sensitive margins evaluate the adverse
tail of a friction-dependent quantity through the lower-tail
Conditional Value-at-Risk (CVaR) [39]. For a scalar random
variable Z with quantile function F', ! and confidence § €
(0,1).

1-p
CVaRs(Z) = ﬁ/@ Folwdu, (1)

the mean of the worst (1—3)-fraction of outcomes, so 8 — 1
is the risk-averse limit and VaRg(Z) := F,;'(1 — f) is the
matching lower quantile, with CVaRg(Z) < VaRg(Z).

A. The Geometry of Parametric Grasps

We assume hard-finger contacts with friction, with contact

forces satisfying Coulomb’s condition [40] and lying in
a linearized polyhedral friction cone of a predetermined
number of edge rays or generators, where each generator
is a primitive contact force in R3.
Definition 1 (Grasp Parameterization): We denote a grasp
by the tuple g := (C,qp, X°) comprising the contact set,
hand configuration, and object pose. Let G denote the set of
all such grasps.

Given this parameterization, we measure the quality of a
grasp ¢g (Definition 1) by a signed scalar whose sign reports
force closure. Both the classical Ferrari-Canny margin and
the risk-adjusted margin we develop in Sec. VI instantiate the
underlying quality map, and every closure certificate below
turns on its sign.

Definition 2 (Grasp Quality Function): A grasp quality
function is a scalar map @@ : G — R, positive when the
grasp attains the encoded property (here, force closure) and
negative otherwise.

Definition 3 (Primitive Contact Forces & Induced Wrench
Cone): The polyhedral cone approximating admissible con-
tact forces at the i*" contact point is

e = {F =3 al
j=1

where j = 1,...,n, indexes the generator set and f;i) is
the primitive force corresponding to contact ¢ and generator
7, expressed in the object frame:

£ =00 @ 4 10 1 e span{t 400}, (3)
The generators satisfy the friction limit specified by
Coulomb’s condition, i.e., || f¢|| = pufr. Thus, from (3), each
generator is an affine function of the friction coefficient p:

£ = () = £ 4 puf Ot )

The primitive wrench about the object’s center-of-mass o is
then

o’ z0f, @

ij (1)
(p® —0) x ¢i(p) | ®
We assemble the GWS as the convex hull of the primitive
wrenches of Definition 3, W(u) = conv({w;;(1)}i ;).
the total-force-normalized construction of [1], [2] with a
unit normal force per generator ( fr(fg = 1) and unscaled
moment coordinates. Because the tangential components of
the generators come in opposing pairs, W(u') € W(u) for
0 < u' < u. Every generator at 1/ is a convex combination
of the corresponding pair at u, so the GWS nests in the
friction coefficient. Splitting each generator at 4 = 0 also
fixes two auxiliary bodies used repeatedly below, the normal
wrench body W,, :== W(0) and the tangential wrench body

Wi = conv({(f1i7, (0 — 0) x f1i)}i )

wij(p) =



IV. RISK-ADJUSTED GRASP WRENCH SPACE

The friction coefficient assumed at planning time may de-

viate from its realized value at execution, so the grasp wrench
space is a random polytope rather than a deterministic set.
We scale the underlying polytope with friction, discount
its adverse tail, and evaluate a force-closure margin on the
discounted set. Under friction uncertainty, the polytope scales
linearly with the coefficient (Lemma 1)! Let the friction coef-
ficient be a random scalar p ~ p,,. The resulting polyhedral
friction cone (2) thus becomes a convex set of uncertain
generators whose magnitudes depend on the realization of
.
Lemma 1 (GWS Linear Scaling Under Friction Uncer-
tainty): The primitive wrench w;;(u) is affine in p. As
a result, the GWS W(u) satisfies W(E[u]) C EW(u)]
in the Minkowski-expectation sense, and its diameter scales
linearly in p.

Proof:  From (4), ¢i(p) = fin® + pfis,
where fij is the unit tangent direction. This is affine in
w, so w;;(p) is affine in p by (5). The convex hull of
affinely-parameterized vertices is Minkowski-affine in u,
yielding the stated scaling. The diameter diam(W(u)) =
21 max;; Hf7(lz;| NES, (09 = 0) x £5;] T || is linear in y.

In particular, for simplicity, we focus on variable fric-
tion. Extension to variable object pose follows analogously.
Throughout, § € R™ collects the grasp parameters, i.e., the
wrist pose and hand configuration that determine the grasp g
of Definition 1, and we write W(u) = W(u; 6), suppressing
6 where it is fixed. Because each primitive wrench is affine
in y1 (Lemma 1), the friction CVaR vg of (1) collapses the
underlying friction prior into a single adverse coefficient. The
next definition names this friction value and the wrench body
assembled at it.

Definition 4 (Risk-Adjusted Friction and Wrench Body):
Let u ~ p,. The risk-adjusted friction at confidence [ is
vg := CVaRg(u), the mean of the adverse friction tail, and
the risk-adjusted wrench body is the GWS assembled at the
risk-adjusted friction vg,

W (0) := W(uvg; 0). (6)

Since vg < E[u] and the GWS nests in z, W) shrinks as
f3 rises. W) is the wrench capability the grasp retains once
the friction coefficient is discounted to its adverse tail.
Definition 5 (Risk-Sensitive Directional Support): For each
direction d € S°, the unit sphere in RS, the risk-sensitive
directional support of the uncertain GWS is

hg(d; 0) == CVaRyg (hy()(d)) , (7

where hyy(,) (d) = SUp e () d"w is the support function
of the uncertain GWS.

Proposition 1 (Support Structure of the Risk Adjustment):
The map d — hg(d;0) is a valid support function, convex

'Under object-pose uncertainty, the GWS polytope rotates instead, and
the active uncertainty modality determines which transformation applies.

and positively homogeneous of degree one in d, and it is the
support function of the convex body

W () = {we R : d"w < hg(d; ), ¥d € S°}, (8)

which contains the risk-adjusted wrench body: W) C
W), with hyys) (d) = hg(d; 6) in every direction d whose
maximizing primitive wrench does not change over the
friction tail.

Proof: Every hyy(,)(d) is non-decreasing in u, since
the GWS nests in the friction coefficient. The tail event re-
alizing the lower-tail CVaR is therefore {y < VaRg(u)} for
every direction simultaneously, so hg(d;6) = E[hy,,)(d) |
1 < VaRg(u)] is a tail-conditional expectation of support
functions and hence convex and positively homogeneous in
d. For the inclusion, each vertex support d ' w;;(p) is affine
in g by Lemma 1, so hyyes) (d) = max;; E[d w;;(p) |
p < VaRg(p)] < E[maxi; d wi(p) | p < VaRg(p)] =
ha(d; @), with equality when one primitive wrench attains
the maximum throughout the tail. [ ]

Beyond this directional support, assessing force closure in

the distributional setting demands a probabilistic definition
over the whole friction prior, so we formalize probabilistic
(force) closure next as a scalar condition.
Definition 6 (Probabilistic Closure): A grasp g € G satisfies
probabilistic closure at level 5 if CVaRg(e(g,p)) > 0,
which implies force closure in all but the worst (1 — (3)-
fraction of uncertainty realizations under the assumed model.
Remark 1 (Necessity of a Distribution-Dependent Quality):
A quality that ignores the friction distribution cannot certify
probabilistic closure. Take a grasp that is force-closed at the
nominal friction funem but relies on friction, so (g, tinom) > 0
while its friction threshold p* := inf{u : (g, ) > 0} is
strictly positive and the grasp loses closure, (g, ) < 0, for
every pu < p*. Fix § € (0,1) and n € (0,1 — §) and pick
any friction value p_ < p*. The two-point distribution ps
that places mass 0 +n at y_ and mass 1 — § — 7 at finom
has closure-loss probability Pr,[e(g, ) < 0] =6 +n > 0.
A quality Q(g) that does not depend on ps returns the same
value here as under a distribution concentrated near finom
with negligible closure loss, so it cannot separate the two and
cannot guarantee closure with probability at least /3. The risk-
sensitive condition of Definition 6 depends on the adverse tail
of the distribution and avoids the gap described above.

Given this, the probabilistic closure definition of Def-
inition 6 yields a force-closure certificate. The following
theorem states, formally, the probability with which a grasp
is force-closed once its quality margin turns positive.
Theorem 1 (Probabilistic Closure Certificate): Let o ~ p,,.
If CVaRg(e(g,p)) > 0, ie., if g satisfies probabilistic
closure at level 3 per Definition 6, then

Prle(g, pn) > 0] > 8, 9

i.e., the grasp is force-closed with probability at least 3.
Proof: By the lower-tail definition of the CVaR risk
measure [39], CVaRg(Z) > 0 implies VaRg(Z) > 0, i.e.,
the (1 — 3)-quantile of Z is positive, so Pr[Z < 0] <1—p
and Pr[Z > 0] > (. Applying this to Z = &(g,u) and



recalling that (g, 1) > 0 certifies force closure gives the
result. u

V. PROBLEM FORMULATION

Problem 1 states the synthesis target our metric family
serves.
Problem 1 (Risk-Sensitive Robust Grasp Synthesis): Given
an object model, a robotic hand model with configuration
space R"*, a friction prior p,, and a confidence level 8 €
(0,1), find

g* € arg max CVaRg(e(g,p)), (10)

H~ P,
gegfeas

where Greas C G collects the grasps satisfying joint limits,
self-collision avoidance, and contact-formation feasibility for
the arm-hand-object system of Figure 2, and &(g, u) is the
Ferrari-Canny margin of grasp ¢ under friction realization
. By Theorem 1, any g* attaining a positive risk-sensitive
margin admits probabilistic closure at level 5 in the sense
of Definition 6 and therefore secures force closure with
probability at least 5 over the friction realizations of p,,.

Specifically, our objective in (10) couples grasp parameters
to the tail of the friction-induced wrench-margin distribution,
so the optimizer prefers grasps whose wrench capacity
withstands the adverse (1 — f3)-fraction of friction realiza-
tions rather than the nominal one. Sec. VI develops our
metric family that scores candidate grasps, and Sec. VII
establishes the monotonicity, differentiability, and closure-
certificate properties that ground (10). Sec. VIII then de-
scribes the sample, certify, and score procedure that approx-
imates g*. The studies instantiate two computable quantities,
our analytic margin £(®) for scoring and selection, and, as
the synthesis surrogate of (10), a risk-adjusted extension of
FRoGGeR’s min-weight metric [6], 0*(B) | the min-weight
program of (15) evaluated on the risk-adjusted body W)
(Sec. X-B).

VI. RISK-SENSITIVE GRASP QUALITY

Classical grasp quality metrics such as force closure

and e-metrics evaluate feasibility at a single instant under
nominal assumptions, and provide no guarantee once the
realized contact friction departs from the value assumed at
synthesis. We therefore treat grasp quality as a property of a
distribution of friction realizations rather than a single value.
Published friction tables [41] report a range of values for a
given material pair, motivating a treatment via intervals or
distributions rather than a point estimate. This motivates the
following definition.
Definition 7 (Risk-Adjusted Margin): The risk-adjusted
margin at confidence 5 € (0,1), denoted e®) is the
inscribed-ball radius of the risk-adjusted wrench body of
Definition 4,

6(5)(

g) = HllIl hW(ﬁ) (d) = 6(9,’0/{3), (11)

lldll=
the Ferrari-Canny margin of the GWS assembled at the risk-
adjusted friction vg (Figure 3). We define £(P) as a signed
margin, taking the signed origin-to-facet distance when the

R

p(1) =Wn+vpgWe

@E(B)

single linear program Pr(closure] > 8

Fig. 3. Constructing the Risk-Adjusted Margin. From a contact set
and friction prior p(u), the risk-adjusted grasp wrench space we) =
Wh, + vgW; scales the tangential wrench body by the friction CVaR vg;
a single linear program inscribes the largest ball of radius e®) in WB)
(Equation (11)), whose positivity certifies force closure with probability at
least 3 (Theorem 1).

TABLE I
COMMON GRASP QUALITY FUNCTIONS AND THEIR RISK-SENSITIVE
ADAPTATIONS. ADAPTED FROM TABLE 2 IN [42]. PROB. =
PROBABILISTIC UNCERTAINTY MODEL (SEE SEC. IX-D). THE SHADED
ROW IS THE MEMBER THE PRESENT PAPER INSTANTIATES
ANALYTICALLY. THE ¢*(8) MEMBER DRIVES THE SYNTHESIS STUDY OF

SEC. X-B.
Quality @ Risk-sens. Qg Unc. variable Unc. model
e (Ferrari-Canny) e(®) Prob.
Min-weight [6]  £*(5) u Prob.

origin leaves the body, so a negative £(#) measures the
margin by which the adverse friction tail violates closure.
Our metric recovers the classical € under a point-mass prior,
approaches the mean-friction margin (g, E[u]) as § — 0,
and the worst-case margin (g, essinf ) as § — 1.

Concretely, we treat grasp robustness as a quasi-static
property of the synthesized grasp under uncertain contact
friction. The realized grasp-quality margin is the Ferrari-
Canny metric £(g, 1+), positive when the grasp is force-closed
and negative otherwise, and we write €nom := £(¢, ttnom) for
its value at the nominal friction fipen. Rather than evaluating
the realized margin in expectation, we adopt a risk-sensitive
formulation,

Qp(0) = CVaRg(e(g, 1)), [~ D (12)

the mean of the worst (1 — /3)-fraction of margin outcomes
under the lower-tail convention of (1). Two risk summaries of
the same margin distribution therefore coexist: ¢(#) discounts
the friction coefficient first and evaluates the margin once,
while Q) evaluates the margin at every friction realization
and averages its adverse tail. Proposition 2 relates the two,
and each admits the closure certificate of Sec. VII. For
N Monte Carlo friction samples {1}, ~ pu, Qs(0)
is computed by sorting {(g,u;)} in ascending order and
averaging the worst [(1 — 5)N]| values, which penalizes
low-probability, high-impact failures. The analytic protocol
of Sec. IX-E avoids the Monte Carlo sampling entirely
by evaluating £¥). A dynamic extension that evaluates the
margin over a finite-horizon execution rollout, rather than
at the grasp instant, is the domain of the execution-time
controller and lies outside the scope of the present study.



VII. THEORETICAL PROPERTIES

Three properties make ()g usable in practice. The closure
certificate of Theorem 1, established in Sec. IV, already
turns a positive margin into a force-closure guarantee that
holds with probability at least 3. Monotonicity in /3 (The-
orem 2) lets a user dial conservatism, and differentiability
(Theorem 3) exposes a gradient for optimization.

Theorem 2 (Monotonicity of Qg in 3): For fixed grasp
parameters 6, Q5(6) is non-increasing in S.

Proof: Under the lower-tail convention, Qg(f) =
CVaRpg(Z) with Z = (g, ) admits the quantile-integral
representation

— 1 171-}
1_5 0

where F, ! is the quantile function of Z. The right-hand
side is the running average of ;' over [0,1— 3], and F,;!
is non-decreasing on [0, 1]. For 8’ > 3, the upper endpoint
shrinks from 1 — 8 to 1 — ', so the average moves toward
the left end of the quantile function, which is smaller. Hence
CVaRp/ (Z) < CVaRg(Z). ]
Corollary 1: Higher risk aversion (8 " 1) yields more con-
servative synthesis objectives, at the cost of potentially over-
penalizing grasps that are robust under typical disturbances.
Theorem 3 (Differentiability of Qg): If (g, u) is dif-
ferentiable in 6 for almost every g, then Qg(f) =
CVaRg(e(g, 1)) is differentiable in @ almost everywhere,
with

VoQs(0) = E[Voe(g, p) | (g, 1) < VaRgs(e(g, p)].-
(13)
Proof: The Ferrari-Canny margin (g, i) is the value of
a linear program and is piecewise smooth in €, differentiable
away from a measure-zero set of active-vertex changes. For
a continuous friction distribution, CVaR is differentiable by
the envelope (Danskin) theorem applied to the Rockafellar-
Uryasev infimum representation [39], with the infimizing v*
equal to VaRg, which yields (13). In the sample-average
approximation, CVaR is piecewise linear in the sorted tail
values, with subgradients available via the sorting permuta-
tion, which is a.e. differentiable. ]
Taken together, Theorem 1 certifies grasps through Qgs,
whereas the analytic protocol of Sec. IX-E evaluates £(%).
The next two results connect these margins. The first ties
them to the risk-sensitive directional support of Definition 5,
and the second gives £(%) its own closure certificate.
Proposition 2 (Relations Among the Risk-Sensitive Mar-
gins): For any ¢ and 3 € (0,1),

Qp(0) < min hg(d;0) and £ (g) < min hg(d;0),

—ldll=1
(14)
while (g and e(P) admit no general ordering between
themselves. The minimum over directions pulls (g below
£(®), and Jensen’s inequality along any single direction pulls
it above.
Proof:  For every d, (g, 1) < hy((d) pointwise

in pu; applying the monotone functional CVaRg and then

CVaRg(Z2) F; 1 (u) du,

Algorithm 1: Risk-Sensitive Grasp Synthesis

Input: Object model, hand model, friction prior p,,
confidence level (3, seed budget S

Output: Scored grasp pool Gpq01, best grasp g*

gpool R vg CV&R/}(U), o~ Py

for s=1,...,5 do

Sample a seeded palm pose and finger preshape

Refine the sample with the force-closure
synthesis NLP

if the refined grasp certifies force closure via

(15), £ > 0 then
L Add g5, with contact set Cy and primitive

wrenches, to Gyo01

foreach g, € G0 do
Assemble W) = W(uvg) from the stored
primitive wrenches
£®)(gs) + signed inscribed-ball radius of W(#)

A(gs)

g* 4 argmaxg, eg, ., €
return (Gpo01, 9*)

minimizing over d yields the first inequality. The second
inequality restates Proposition 1. Per direction, Ay (d) <
hs(d; @), and minimizing both sides over d preserves the
bound. ]
Corollary 2 (Closure Certificate for ¢(?): If £(9(g) > 0,
then Prie(g, u) > 0] > S. The guarantee mirrors Theorem 1
but follows from friction monotonicity rather than from the
CVaR tail bound. The GWS nests in u, so €(g,-) is non-
decreasing, ¢(®) > 0 implies closure for every ; > vg, and
vg < VaRg(u) gives Pr[u > vg] > 6.

VIII. SYNTHESIS ALGORITHM

Theorem 3 provides a basis for gradient-based grasp
optimization. In the present work, however, we approximate
the maximizer of Problem 1| with a sample, certify, and score
strategy layered on an established force-closure synthesizer.
Algorithm 1 summarizes the procedure, and we describe its
stages next.

The procedure begins with a sampling stage that draws
seeded palm poses and finger preshapes around the object
and refines each sample through the FRoGGeR min-weight
nonlinear program [6], which certifies force closure (¢* > 0)
at convergence and serializes the contact set and primitive
wrenches of every accepted grasp. Next, the scoring stage
assembles the risk-adjusted body W) once per grasp at
the risk-adjusted friction vg and computes £(P) as its signed
inscribed radius (Definition 7), so the risk adjustment scores
an entire pool with one convex-hull computation per grasp
and no simulation. The selection stage keeps the scored pool
for the aggregate studies and returns the risk-ranked best
grasp where a single grasp is executed, as in the per-object
analysis of Table VI. Because Algorithm 1 scores a sampled
pool rather than computing gradients (e.g., VgQg), it does
not exploit the differentiability established in Theorem 3. In



the synthesis study of Sec. X-B, we take one step in the dif-
ferentiability direction by optimizing the differentiable risk-
adjusted min-weight objective inside the synthesizer itself.
Nevertheless, we leave a gradient-based synthesis extension
of our pipeline to future work.

IX. EXPERIMENTS

The protocol below evaluates our risk-sensitive metrics on
stored grasp datasets across three robotic hands.

A. Robotic Hand Platforms and Grasp Datasets

We evaluate our metrics on grasp datasets for several
anthropomorphic hands, the LEAP [43] and Allegro hands
for the aggregate and synthesis studies, the RealHand L6
for the per-object analysis, and the Shadow Hand for the
cross-dataset study (Sec. X-D). Grasps come from a Drake-
backed pipeline derived from FRoGGeR [6], which generates
candidate contacts, filters them by opposition geometry, and
certifies force closure analytically through the min-weight
linear program of (15) at synthesis time. Each accepted grasp
serializes its grasp map and contact set, and our metrics run
analytically from the stored logs without re-running the sim-
ulator. The dynamic six-axis shake [44], [45] in Sec. X-E is a
separate predictive-validity study on these stored grasps, not
a synthesis-time verification. We run headless for synthesis
and use Drake’s offscreen rendering for visualization. The
same pipeline also retargets to other arm-hand systems. The
appendix documents a ZArm-mounted LEAP variant with
arm-reachability and fixture-collision gates, together with a
qualitative gallery of representative certified-robust grasps
(Figure 14).

B. Object Set

Each study draws on a study-specific object slate. The
aggregate study (Sec. X-A) evaluates a combined set of 1,599
force-closed grasps, 800 on LEAP and 799 on Allegro, over
eight objects, four geometric primitives (sphere, cube, box,
cylinder) and four YCB objects [46] (tennis ball, master chef
can, potted meat can, mustard bottle). The broader dexterous
grasping literature draws on a wider range of standardized
object sets and benchmarks beyond YCB, including the
Columbia Grasp Database [47], the Grasplt! simulator’s
object library [48], the Yale-CMU-Berkeley manipulation
benchmark [49], and hand-pose-annotated datasets such as
DexYCB [50] and GRAB [51], together with the GRASP
taxonomy of human grasp types [52] and the MANO hand
model [53] used to parameterize several of these resources.
The predictive-validity study (Sec. X-E) drops the sphere,
since the rotational symmetry of a sphere collapses the
six shake directions to a single representative outcome and
stops the test from discriminating on orientation, and reports
641 LEAP grasps over the remaining seven objects. The
per-object analysis (Table VI) reports one representative
RealHand L6 grasp for each of seven objects (cube, box,
cylinder, potted meat can, mustard bottle, tomato soup can,
tennis ball), a set that swaps the tomato soup can in for the
master chef can to keep every object representable in the L6

aperture. The primitives provide controlled baselines with
known symmetry, while the YCB objects introduce realistic
surface geometry and scale variation.

C. Grasp Synthesis

For each object we draw 100 seeded synthesis attempts.
Each attempt samples a palm pose and finger preshape
around the object, refines it through the FRoGGeR nonlinear
program, and keeps the result only when the solver converges
to a force-closed grasp (¢* > 0 via (15)). The resulting
protocol yields the 800 LEAP and 799 Allegro grasps of the
aggregate study and the RealHand L6 pool behind Table VI.
Scoring follows the analytic protocol of Sec. IX-E, one risk-
adjusted hull per grasp, with no Monte Carlo sampling at
synthesis time.

D. Friction Priors

We model friction uncertainty with two priors. The nom-
inal prior is a tight Gaussian, u ~ N(0.7,0.12), centered
at a typical rubber-on-plastic coefficient with mild spread.
The adverse prior is a bimodal mixture, 0.54/(0.7,1.0) +
0.54(0.1,0.3), that places half its mass in a slippery low-
friction tail to model surfaces with mixed-friction popula-
tions. The nominal prior probes the regime where the risk
adjustment is mild, and the adverse prior stresses friction
sensitivity.

E. Analytic Evaluation Protocol

We evaluate every grasp in the stored dataset analytically,
without Monte Carlo sampling. By Lemma 1 the primitive
wrenches are affine in the friction coefficient, so the risk-
adjusted quality £(?) of Definition 7 reduces to one inscribed-
radius computation per grasp. We assemble the polytope
W) = W(uvg) at the risk-adjusted friction vg = CVaRg ()
of the prior, estimated once per prior from 2x10° samples,
build its convex hull, and take the minimum origin-to-facet
distance. We report (%) at confidence 3 = 0.9 under each
prior, taking £(®) as a continuous signed margin, negative
when the risk tail violates closure, so it ranks grasps without
a clamp. The sign of £®) is the closure certificate of
Corollary 2.

F. Baselines

We compare against two baselines. The first is the nom-
inal Ferrari-Canny epsilon €,,y, Which evaluates the GWS
inscribed-ball radius at the fixed nominal friction p = 0.7.
The aggregate and per-object analyses evaluate epom With
each cone edge normalized to a unit contact force, the
convention of [1], while the predictive and cross-dataset
studies evaluate it on the same unit-normal-force cone that
defines (). At a fixed friction the two conventions differ
by the constant factor (1 + p2)7'/? ~ 0.82, a global
rescaling that leaves every sign, ranking, correlation, and
certified fraction unchanged. The second is the min-weight
metric £* from FRoGGeR [6], computed by solving the linear
program

max { st Wa=0,1Ta=1, oy > Vi,

a,l

15)
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APPENDIX
A. One-Shot Grasp-and-Lift Success in Dynamic Simulation

We confirm grasp-and-lift success in the Drake physics-
validation system with gravity on, the protocol of Sec. X-
E.3. Each certified grasp mounts on a vertical prismatic
joint at the synthesized palm pose, welds a contact pad at
every certified contact, and closes with a force-controlled
feedforward grip along the inward contact normals. Once
the grip holds contact, the mount raises the object 12cm,
after which a lateral pull grows through 1, 3, and 6 times
the object weight while Coulomb friction alone retains the
grasp, over the adverse friction sweep u € {0.2,0.3,0.4}.
A run counts as a success when the object stays within
a 3cm slip and a 30° rotation relative to the hand with
at least two contacts through the raise. Of the 105 lifts
attempted across the seven objects, 51 establish contact and
enter the success grading, and the risk margin %) orders
their realized success rate above the nominal Ferrari-Canny
margin (Figure 13). Table IX isolates the same comparison.
Among the 51 established lifts, all of which the nominal
margin certifies (gpom > 0), the 27 that the risk margin
also certifies (¢(®) > 0) achieve a 0.70 success rate under
the most adverse friction p = 0.2, against 0.25 for the 24
grasps the nominal margin certifies but the risk margin rejects
(e!®) < 0), though the two sets hold identically at 1 = 0.7.
Table X breaks the same lifts down by object.

TABLE IX
LIFT SUCCESS RATE BY METRIC CERTIFICATION IN DRAKE. SUCCESS
RATE OF THE 51 ESTABLISHED-CONTACT LIFTS AT EACH FRICTION,
SPLIT BY THE MARGIN THAT CERTIFIES THE GRASP. ALL 51 ARE
NOMINAL-CERTIFIED (€nxom > 0). THE CERTIFIED-ROBUST SUBSET
(P > 0) HOLDS UNDER ADVERSE FRICTION WHERE THE
NOMINAL-ONLY GRASPS (a<ﬁ) < 0) FAIL, THOUGH THE NOMINAL
MARGIN RATES THE TWO SETS IDENTICALLY AT p = 0.7.

Success Rate at Friction p

Grasp Set n 07 04 03 0.2
Certified-robust (¢*®) >0) 27 1.00 0.89 081 0.70
Nominal only (¢ <0) 24 1.00 050 042 025

B. Extending the Risk-Adjusted Synthesis Pipeline to Other
Hand Morphologies

Our risk-adjusted metrics use only the stored grasp map
and contact set, so retargeting the synthesis pipeline of
Sec. VIII to a new hand amounts to swapping the hand
model, its fingertip geometry, and the mounting arm, while
the metric layer stays unchanged. We demonstrate the result-
ing portability on a LEAP right hand mounted on a 6-DoF
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