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Formation Tracking for a Class of Uncertain
Multi-Agent Systems: A Distributed
Kalman Filtering Approach

Clinton Enwerem

Abstract—Popular methods for formation tracking gen-
erally assume perfect local or relative state information.
Where uncertainty is considered, local state estimates
are obtained through a common communication network
or via global observations from external sensors, leading
to centralized, impractical, and unreliable control synthe-
sis techniques. In light of these challenges, this letter
presents a formation tracking scheme that relies on relative
states estimated via distributed Kalman filtering (DKF). The
DKF approach we employ utilizes the underlying shared
network to reconstruct each agent’s relative state from
neighbor-wise relative state measurements. By adopting
a leader-follower communication network topology and
a role-based control scheme, we then apply the recon-
structed states to synthesize distributed control inputs
for the formation tracking task. We show formally that
under standard observability and bounded uncertainty con-
ditions, our approach contains the formation errors of the
ensemble and ensures faithful trajectory tracking without
inducing transient deformations, a common problem asso-
ciated with conventional techniques. To further validate
our method, we provide numerical results from forma-
tion tracking simulations of a single-integrator ensemble,
which demonstrate that the DKF approach yields markedly
smaller formation and tracking errors compared to stan-
dard Kalman filtering.

Index Terms—Collective control, distributed Kalman
filtering (DKF), formation tracking, leader-follower
networks, multi-agent systems.

[. INTRODUCTION

ROADLY speaking, formation tracking refers to the
coordination of an ensemble of robots or autonomous
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vehicles to preserve a specific geometric configuration while
tracking a reference path. Such autonomous coordination
is critical to many real-world applications, such as aerial
monitoring [1], wireless sensor networks [2], autonomous
vehicle platooning, and near-Earth observation [3], among
others. However, attaining accurate formation tracking is chal-
lenging since traditional formation tracking algorithms rely on
reasonably accurate estimates of the agents’ states. In practi-
cal applications, this challenge is amplified by measurement
noise from both onboard and external sensors, significantly
degrading the performance of the multi-agent system. To
mitigate the effects of sensor noise, a popular approach is to
employ Kalman filtering (KF), which entails reconstructing a
dynamic state using local measurements from a single sensor.
Conversely, in classical distributed Kalman filtering (DKF),
the dynamic state is recovered using local measurements from
a group of networked sensors. In other literature [4], DKF
entails reconstructing the relative state of networked dynamic
agents using relative sensor measurements. Although requiring
several measurements, this distributed approach to KF-based
estimation has been shown to be more robust to model
uncertainty [5] than standard KF. It has also been applied
successfully to solving a host of real-life estimation problems,
ranging from cooperative localization to internal model aver-
age consensus estimation [6]. We refer the interested reader
to [6] for an in-depth review on DKF.

Related Work: In many formation tracking articles, the
subject of filtering is scarcely considered, as control signals
are computed by assuming the agents’ states are exact, or
— in uncertain cases — that these states can be accessed
from a shared communication network [7]. Such approaches
to state estimation are, however, fickle and unreliable, since
local measurements are rarely available to all agents and global
sensing schemes are challenging to deploy in the wild. On the
DKEF front, fewer studies have developed formation tracking
laws that require simultaneous state estimation (via DKF) and
control. One such study is [4], which introduced a DKF-based
formation control approach for a leader-follower (LF) network
of single-integrator agents. This letter, however, focused on
driving the agents to a specified formation without tracking a
specific trajectory. The presentation in [8] considered both for-
mation control and tracking (of an unknown leader trajectory).
However, Kalman filtering was applied (without consideration

2475-1456 © 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: University of Maryland College Park. Downloaded on February 12,2025 at 07:18:11 UTC from IEEE Xplore. Restrictions apply.


https://orcid.org/0000-0002-4239-2941
https://orcid.org/0000-0002-4955-8561

218

IEEE CONTROL SYSTEMS LETTERS, VOL. 8, 2024

of process noise) to reconstruct only the states of a real and a
virtual (reference) leader in parallel.

Scientific Novelty: In this letter, we extend DKF-based
results to the single leader formation tracking case, where the
leader maintains its position while tracking a path setpoint
while the followers focus solely on formation maintenance.
Our work is distinct from [8], since we do not rely on
a local Kalman estimator for reconstructing follower states
with more than one neighbor, opting instead for the DKF
technique described in Section II. We also uniquely account
for both measurement noise and process disturbances in the
formation tracking task, unlike [4], which considers only mea-
surement noise. We also analyze the multi-agent network from
two perspectives: a measurement graph dictates the sensor
network, and a formation graph encodes the desired geometric
pattern. We propose weighted consensus-like control laws
for simultaneous formation maintenance and path following,
yielding asymptotically-decaying errors. Lastly, we validate
our approach using numerical simulations and compare our
results with those obtained via standard Kalman filtering.

Notation: We denote vectors and matrices as x and A, with
AT denoting the transpose of A. We denote the Kronecker
product as ®, the d x d identity matrix as Iz, and the vector
«1Tas kg € Z4. The symbol ||x|| = [ XL, ([x])2]?
refers to the vector Euclidean norm, with x € R9, and
diag([ * 1; je7) is the |Z] x |Z| diagonal matrix, with Z an index
set, and where the /™ block, [ % ];, can either be a scalar or a
matrix. The set R4 denotes the set of positive real numbers,
Z4 denotes the set of positive integers, and [E is the expectation
operator.

[K, K, ...

[I. PRELIMINARIES

To provide context and support for the theoretical propo-
sition that follows, we present the following definitions and
assumptions.

Definition 1 (DKF for Uncertain LTI Systems): Consider
the following time-invariant stochastic difference equation

Xi+1 =A)Ct+BM[+W[ (1)
4=Cx+vteT ={t|t=0,1,2,...,T—1}, 2)

where x € R? is the system state, # € R™ is the control
input, z € R? is the measured output vector, and T € Z4
is the problem time horizon. The matrices A, B, and C are
the dynamics, input, and observation matrices of compatible
dimensions, respectively. The vectors w ~ N(0, W) and
v ~ N(0, V) denote independent and identically distributed
(i.i.d.) Gaussian random variables representing the process
noise and measurement noise, respectively, with corresponding
covariance matrices, W and V, and zero cross-correlation for
all values of . Let X; and Z; respectively denote the error
covariance at time ¢ and the observation history up to time ¢.
The estimated state corresponding to the Kalman observer with
time-varying gain, L, is given by

Y41 =A% + Bu; + L1 (241 — C(A%; + Buy)), 3

where 7,11 — C(AX; + Buy,) is the output prediction error,
which is Gaussian with zero mean, following standard Kalman

filtering theory ([9], §8), and L is given by
-1
Lip1 = Z1CT(CE CT + V). @)

In the DKF case, equations (1) and (2) are decoupled, so
that (1), now indexed by i, represents the dynamic state
(of agent i) to be estimated by n; identical sensors, each
maintaining a private observation of x; governed by the
measurement model

Zj,tz Cxi,[—‘f_vj,[v j: 1a 2,...,”[, (5)

with distinct v; ~ N(0, V}). To adapt this definition to the
present formation tracking setting, suppose the sensors are
identical dynamic units (agents) instead, each fitted with the
same sensor. Let each agent maintain a local measurement
(evolving according to (5)) of its own state. Denote z;; = z;—z;
as the relative output variable. We will assume that individual
states, control inputs, and measurements are independent, so
that, following [4] and (5), we can write the relative state
measurement dynamics as

Zijt = Cxijr + Vij1, (6)

where v;i; ~ N(0, V) and x;; = x; — x;j is the relative state.
One can then design a Kalman filter to estimate x;; from z;
using (7) (the time argument has been suppressed for brevity)

)ACij,H-l = A)ACij,t + B(ui,z - Mj,t)
+ Lij, i1 (2,41 — C(A%jj,: + Buiy)). @)
The Kalman gain thus becomes
-1
Lijt+1 = Eij,t+1CT(CEg/,z+1CT + Vi) ®)
with respective variables evolving according to
Rij = B(xy11Zij.1)
N - T
Tija = E[(x,-,-,, — xijr) (%40 = Xijr) ]

©)
i1 = AT AT + Wy
Xty = B(xij11Zij.0).-
One can thus write the relative state dynamics as follows
Xijt+1 = Ax,:,',, + Bu,‘j’t + Wijt, (10)

where wi;; ~ N(0,Wj;), and u; = u; —u; € R™ is the
forcing term for the relative state dynamics. A zero cross-
correlation for Vj; and W;; also applies in the relative case.
Fig. 1a, partly adapted from [4], summarizes the DKF-based
formation tracking concept considered in this letter.
Definition 2 (Graph Theory): A directed and finite graph
(hereafter, digraph) is the tuple, D = (V, £), with V equal to
the non-empty set {1, 2, ..., n} of n distinct elements, called
nodes, and £ C V x V equal to the edge set, {{i,j} | i,j € V},
where {i,j} € &€ — {j,i} ¢ £. The graph is weighted
if there exists a map, w : & — R, that associates to each
directed edge, a real number, denoted as w;;. It is unweighted
otherwise. The digraph is strongly connected if there exists a
directed path between any two nodes in V. We will use the
term arborescent to describe a digraph containing a spanning
rooted out-branching tree (ROT). An ROT is a directed tree
that spans D and includes directed paths from parent to child
nodes in the tree. Finally, we denote the in-neighborhood
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foralljeNe ____________
i Agent i
w; 1
Control Law . E
e Tij ' Distributed
u = f (x”) ! Kalman Filter|

(a) DKF-based formation tracking control block dia-
gram: z;; and Z;; are the relative output measurement and the

estimated relative state between agents ¢ and j. The i™ control

law, w;, is a function of the estimated relative state.

@@@

(b) An unweighted and strongly
connected digraph on seven vertices il-
lustrating the leader-follower measurement
network structure under consideration. The
symbol a; denotes the it agent, with a1
indicating the leader.

(c) Weighted formation graph on
seven vertices. To preserve the legibility of
the figure, only one edge has been labeled
for reference.

Fig. 1. (a) DKF-based formation tracking control block diagram: z; and 5(,-]- are the relative output measurement and the estimated relative state

between agents i and j. The 117 control law, uj, is a function of the estimated relative state. (b) An unweighted and strongly connected digraph on
seven vertices illustrating the leader-follower measurement network structure under consideration. The symbol a; denotes the it agent, with a4
indicating the leader. (c) Weighted formation graph on seven vertices. To preserve the legibility of the figure, only one edge has been labeled for

reference.

and out-neighborhood sets of the i node as Nf” and N,
respectively.

Definition 3 (Formation Control): We define the measure-
ment graph (Fig. 1b) as the unweighted digraph, D,, =
WV, &), with edge set, &,, where {j,i} € &, implies that
zjj is available to agent i. The formation graph (Fig. lc),
Gr = (V,&, W), is a weighted and spanning subgraph of
the disoriented digraph (G =V, E)) that governs the agents’
interaction, with edge set, & C & (Q~), and where W is a weight
matrix encoding the desired pairwise distances between agents
i and j, given by the specification, D = {d; € Ry| d;j =
d;; > 0}. Given that Gy is undirected, a set, N;, denoting the
i" node’s neighborhood (without considering edge direction)
applies. The formation is feasible if every d;j € D is chosen
so that the formation makes sense geometrically. That is, there
exists &; and &; in R? 5 ||& —&ll =d; Vi, je V. A formation
is rigid if all pairwise distances remain constant for all time
N&i: —&isll =dij Y 1, {i,j} € V x V); it is minimally rigid
if the removal of a single edge renders the formation non-
rigid ([10], §6). For d = 2, minimal rigidity reduces to the
condition: |&| = 2|V| — 3.

IIl. PROBLEM DESCRIPTION

We consider the formation tracking problem — comprising
formation maintenance (P; (a)) and leader trajectory tracking
(P4 (b)) — and defined formally as follows:

(Pg: (a) Given the leader agent’s reference trajectory, xq "
and taking dj; to be the desired pairwise separation
defined by Gy, find a control, u;, for the ith agent
in the ensemble that ensures that the estimated
relative state, X, corresponding to the k™ edge

(k =1,2,...,1&]) between nodes i and j (with
i,j € V) satisfies

5] = [Re — %l = dy. Ve NV 1€ T

(b) Find a control, u;;, that (simultaneously) drives
the leader so that lim,_,  [|X1,; — xp I =0.
We study P, under the following assumptions:

(A1) The formation specified by the formation graph is
feasible, invariant to homogeneous transformations in
SE(2), and minimally rigid (see Definition 3).

The measurement graph is uniformly arborescent (see
Definition 2), i.e., 3 a AT < oo such that, from ¢ to
t+ AT, D,, contains an ROT V .

There exists a stabilizing feedback law, ¢ : R"™*? x
R? — R™, belonging to the set of piecewise continu-
ous and absolutely-integrable functions in R that are
stabilizing. That is, p(A — BKy) < 1, where Ky and
p are the control gain matrix and the spectral radius
of the closed-loop system associated with ¢.

(A4) The measurement model (2) is stochastically-
observable, in the sense of [11], so that the error
covariance is bounded.

There exists a positive definite matrix P €
satisfying

(A—1I1)"P(A —1,) + K] B"PBK,, <0,

(A2)

(A3)

(AS) Rdxd

Y

where K,, is a controller gain matrix of appropriate
dimension corresponding to uy, i.e., ux = —Kj, X.

Remark 1 (Justification for Assumptions): In the afore-

mentioned assumptions, Assumption .4; is a sufficient

condition that guarantees the convergence of a single-

integrator ensemble to any desired formation under forcing
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terms specified by the agreement protocol [12], while
Assumption Aj; is needed to guarantee uniform connectivity,
a condition necessary for directed switched consensus ([10],
§4). Assumption A3 is required to argue for the asymptotic
stability of the formation tracking law. Assumption A4 is
a common requirement for making precise claims regarding
the decay of the output prediction error and corresponds
to the requirement that the measurements are sufficiently
informative to accurately predict the actual system state.
Finally, Assumption As is needed to prove — via Lyapunov
arguments — that the formation tracking law (13) is
asymptotically stabilizing. Admittedly, without persistent
network connectivity, such stabilization is not possible. In
the time-varying directed network case, this means that the
measurement graph must contain an ROT sufficiently often
(Assumption Ay).

IV. MAIN RESULT: DKF-BASED CONTROL SYNTHESIS
FOR FORMATION TRACKING

Suppose we deploy a team of agents for the formation
tracking task, where inter-agent interactions are dictated by a
leader-follower network (encoded by a digraph), with the state
of the i™ agent evolving according to the dynamics

Xir1 = Axjy + Bui s+ wiy, (12)

and with sensor models following (5). A natural question
one might ask is the following: what conditions are required
to guarantee acceptable execution of the formation tracking
task for the described LF network? The following proposition
provides some insight.

Proposition 1: Under Assumptions A; to As, with each %
evolving according to (7), the control law

E/\ .
= X jen; Wirkits i#1
_ EA“ A- _ r C 1
ZjeN; WiiXij, ¢ +¢(xt»t xi,t)’ =1

will result in convergence to the desired formation with
simultaneous asymptotic tracking of the reference trajectory
(x],,i = 1), even with possibly noisy sensor measurements.
wg and ¢ (-) are a time-varying weight and a tracking law for
the leader, given in Sections IV-A and IV-B, respectively.
Proof: See Appendix A. |
Remark 2: In addition to a path-following component, the
leader’s control law in (13) comprises a formation-keeping
component, which ensures that it is slowed down appro-
priately while it tracks its reference trajectory, so that its
velocity matches that of the followers to prevent transient
deformations. Also note that, while the proof in Appendix A
considers a single-integrator ensemble, the arguments there
can be extended to the general linear time-invariant case under
the aforementioned assumptions and provided that the noise
statistics satisfy the conditions given in Definition 1.

Ui = 13)

s

A. Formation Maintenance via Edge Tension Energy
Minimization

To determine the weights, consider a potential-like function
of the relative state vector norm, Ej(||x; — x;||), which char-
acterizes the virtual (edge tension) energy required to keep

agents i and j connected within the communication network.
Agent-level controller input signals can then be synthesized
from this energy function by solving for controls that minimize
the total edge tension energy, E = %27:1 er'l:lEij' An
obvious choice is to command inputs equal to —VXTI_E, the
negative gradient of E with respect to x;. As already estab-
lished in several studies (see [10, Sec. 8], for one instance),
such a control strategy leads directly to the following weighted
distributed control law

= Y wh — ),

JEN

(14)

where the weights,1 wg, are obtained from Ej; using

(1/5)(9Ejj/35)|s=||x;—x;||- Consider now the following candi-
date edge tension function, which attains a global minimum
at )AC,'j = diji

A 2 ..
1z = 1 (Rl =dy)™, (i)} € E 15
U(HXUH) {0, otherwise. {as)
We can write the corresponding weights from (15) as
k(11311 i) ..
N e N (16)
; 0, otherwise,

where the time argument has been suppressed for brevity. k
is a positive scaling factor. Note that, as is characteristic of
potential-like functions and from (15) and E’s definition, it
follows that: E is continuously-differentiable, with E(d;;) = 0,
and E(||x;|]) is positive for ||X;|| # dj;.

B. Leader Trajectory Tracking Law

To determine ¢(-), we solve for the control sequence,
{uLt}IT:_Ol, that satisfies the following optimization problem

T—1
n},iln Z "‘lT,tR"‘l,f + (xl,z - x?[)TQ(xl,, _xq,t)
=0

s (17a)

L (3)|X1,t:5€l.tv“t:ul,t

X1,0 = )Ac(l), —Ulmax < Ul < Ulmax Y I € T, (17b)

where fc? is the leader’s initial estimated state, ujmax € R
is a vector of control bounds, R > 0, and QO > 0. x; is
obtained via the leader’s Kalman estimator, following Egs. (3)
and (4), and the optimal control law is then subsequently
computed from the estimated state by solving (17). Note that
the quadratic criterion as well as the equality (17a) and linear
(each component of (17b)) constraints guarantee the existence
of a solution (¢) satisfying Assumption .43. Similar in spirit to
the separation principle in systems and control theory, the DKF
formation tracking scheme works by performing estimation
using unforced dynamics and then synthesizing control inputs
via the reconstructed states. We provide a simple algorithm
(Algorithm 1) summarizing the foregoing ideas.

IThese edge tension weights are distinct (and have been typeset with an E
superscript to distinguish them) from the weights of the formation graph that
encode the desired pairwise distances, Wij, and the relative process noise, Wij.
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Fig. 2. (a) Top row: Plots of the (component-wise) time evolution of the trajectory error (e = [ex, ey]T) for the leader agent, with horizontal dashed
lines at ex = 0 and ey = 0 for reference. Bottom row: A corresponding histogram compared against a bivariate Gaussian (in black) generated from
the mean and covariance of 1000 leader trajectory error samples. (b) Bivariate Gaussian distribution over 1000 leader trajectory error samples.
(c) Formation error for all agents compared according to state estimation technique. The DKF technique clearly outperforms standard Kalman

filtering.

Algorithm 1 DKF-Based Controller Synthesis for Formation
Tracking
Require: 7, N, Relative state dynamics: A, B, C.

1: Relative noise covariance matrices: Wj;, Vi;.

2: Dy, gf, and associated matrix objects.

3: R, O, t1max. djj.

4: Compute x| and solve (17) for ¢(-).

5:fort <~ 0toT —1do

6: fori< 1t N,jeN"do

7: Compute Ljj 11 (8), Xijz (9), wg,r (16), u; r (13).
8:  end for

9:  Ryr+1 < rths (7).

10: end for

V. SIMULATION EXAMPLE

Consider a group of n agents in the plane, each represented
by single-integrator dynamics subject to noisy inputs and with
noise-corrupted measurements, as in

(13)
Zit = Xijt + Vit (19)

where each x; € R%, u; € R% w; ~ N(0,0%h), v; ~
N(O,pizlz), pi>0;>0Vi=1,2,...,n,and §; > 0 is a
sampling interval. The leader is required to track a feasible
trajectory, and all agents share a common sense of orientation.
We set each o; and p; to the values given in the last two
columns of Table I2 and construct gf using the set of points, p;,
in the plane, given by [ cos (7 — 27 %), sin (m — 2w (i;—l))]T
and depicted on Figure 1(c). Clearly, Gy is minimally
rigid. It is also easy to verify that A" (D,) is equal to
diag([2, 2, 2, 1, 1, 1, 1]). Other matrix objects have been omit-
ted for brevity.

Xit+1 = Xijp + Seltir + Wiy

i=1,2,...,n,

VI. RESULTS & DISCUSSION

Table I summarizes the numerical results from formation
tracking simulations with the seven-agent collective. Here,

20ur choice to have higher measurement noise than process noise is
completely arbitrary.

3rhs(ﬁ) is a placeholder function that evaluates and returns the expression
on the right-hand side of .

TABLE |
TRACKING AND FORMATION ERRORS (RMSE)

Agent (i) RMSE [ef3 Pi
Tracking Formation
1 0.018 0.01574 0.021 0.01 0.05
2 0.007 0.0421 0.05 0.1
3 0.009 0.0558 0.05 0.08
4 _ 0.015 0.0845 0.03 0.15
5 0.015 0.0845 0.06 0.2
6 0.0156 0.0845 0.06 0.9
7 0.0155 0.0845 0.02 0.12
Estimation Technique = DKF KF

we compare root-mean-squared-error (RMSE) values of the
tracking (leader) and formation (leader and follower) errors
for all agents, under the DKF and standard KF techniques.
While the tracking RMSE measures the deviation of the
leader’s trajectory from the given reference, the formation
RMSE assesses the difference between the desired inter-agent
distances and the actual distances observed between the agents.
On the whole, these errors are relatively small compared to
the regular KF estimation results (Fig. 2c¢), indicating good
formation tracking performance under the DKF-based scheme.
However, we also observe that although the leader tracks its
reference satisfactorily, its formation maintenance (in the DKF
case) is not on par with that of the followers, evident from its
perceptibly higher formation RMSE. In the literature, a con-
verse trend has been reported when the leader is instead driven
by a tracking-only control law, resulting in almost-precise
trajectory tracking with intermediate deformations [13]. Such
inter-task trade-offs are to be expected in scenarios involving
multiple agents with possibly competing objectives.

VIlI. CONCLUSION

This letter proposed a control technique for formation
tracking under process and measurement uncertainty by
coalescing ideas in distributed Kalman filtering and leader-
follower consensus. We showed that, under standard system
observability, bounded uncertainty, and network connectivity
conditions, it is possible to obtain satisfactory geometry
preservation with multi-agent path following by commanding
agent-level weighted control laws synthesized from relative
state estimates. Synthesizing distributed control inputs using
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similar ideas, but under other practical constraints, such as
an obstacle-rich mission space or a non-uniformly connected
communication network topology, remain open and are good
candidates for future extensions of the foregoing work.

APPENDIX
PROOF OF PROPOSITION 1

Proof: For simplicity and as a motivating instance, let the
agents evolve according to the discrete-time single-integrator
model in (18). Dropping the time argument for conciseness,
define the formation error state of the system as e, =
Xk—pk, k= 1,2,...,¢, where £ = |&], the number of
edges in the formation graph, and py = p; — pj,i # J, is
a vector capturing the given formation specification, that is,
[lpi —pjl| = djj. Let the vectors corresponding to the formation
error state, estimated relative state, and formation specification
state for the ensemble system be respectively denoted by e =
lel,el,....el1" e RY, & = [31,3], ... 211" € R%, and
p = [plT,pg, . ,p{]T € R%. With this notation and from
(13), we can write the ensemble-level control law for the
relative state dynamics in the compact form,

u=—WEs, (20)

where u is the ensemble-level relative-state control vector
(wjj = wi) given as u = [ulT, uzT, e, ueT]T e R, WE is the
diagonal weight matrix diag([(WF ® I)| k = 1,2,...,£]) €
Rtdxtd with Wf denoting the edge tension weight matrix
corresponding to the k™ component of « and given by

wgl, if h e N;
Wf e RZXZ = — jIT;’;, lff = ]V]
0, otherwise.

21

Writing the ensemble-level formation error dynamics as e™ =
e+xT —3x, where, for convenience, we have denoted the ensem-
ble state one time-step into the future with a “4” superscript,
we select the following Lyapunov function candidate

Vie) =e! (I @ P)e, (22)

where P € R?*? is a positive definite matrix. Note that
V =0 <= e = 0y, or, equivalently, <= i =
pr V k. However, since V is stochastic owing to its dependence
on X, to determine if V decreases along trajectories of the
closed-loop system, we have to check that the expected
difference
E(V(eT) = V(@) = (¢ —e) Ty @ P)(e" —e)  (23)
== W oP)(F —3), 24
is non-positive. Consider the right-hand side of (24). The
expression corresponding to the k™ edge is
G — ) PG — &) = (A — Lok
+ Bug + Li(zx — C3) P(A — L)
+ Buk + Li(zk — Cxx))
=i (A — 1)TPA — I)3 + ul BT PBuy
+ (2 — Cx) L PL(z — C&e)

= (A — 1) P(A — 1)5x
+ 3T (WE @ 1) B PB(WE @ 1)
+ (2 — Cx) LT PL(z — Ce)
=% [(A -1 PA ~ 1)
+ (WE ® 1,) BT PB(WE ® 14) %
+ (2 — C&) LI PLy (2 — CR). (25)

Since z; — Cxy is Gaussian with zero mean, and by the additive
property of the expected value, it follows that

E(V(eh) — V(o) = % [(A — 1) P(A - 1)
+ (WE ® I)"B"PB(WE ® 1) |3 < 0,
(26)

under Assumption As, with K, = Wf ® I;. Hence, V(e) is a
common weak Lyapunov function for the system. By LaSalle’s
invariance principle, x will converge to the largest invariant
set within the set, Vo = {e | E(V(eT) — V(e)) = 0}, i.e., the
set M C Vg for whiche = 9 = 9 +it -3 =01t
can be shown that M = {e|E(e;) = 0 V k}. As such, x; will
converge to px V k, thus maintaining the formation. Moreover,
under Assumption A3, the leader will be driven so that its
state asymptotically converges to the target state. As such,
the collective will satisfy the formation tracking requirement,
which completes the proof. |
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